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The behavior of a cantilever beam built into a rigid body that is performing a specified motion of rotation and
translation is studied with two objectives in mind. First, because the subject is of interest in connection with
spacecraft antennae, helicopter rotor blades, robot arms, and other systems that perform complex motions, we
create an algorithm that can be used to predict the behavior of the beam when the base undergoes general
three-dimensional motions. Effects such as centrifugal stiffening and vibrations induced by Coriolis forces are
accommodated automatically, rather than with the aid of ad hoc provisions. The second objective is to draw
attention to fundamental flaws in certain multibody computer programs currently under development or already in
use. To this end, we construct a second simulation algorithm, one that embodies the procedure apparently
employed in the programs in question, and then compare simulation results produced by computer programs based
on the two algorithms. Conflicts between the two approaches that thus come to light are discussed in detail.

- 1. Introduction

TUDY of the behavior of flexible bodies attached to

moving supports has been vigorously pursued for over
fifty years in connection with a number of diverse disciplines,
such as machine design, robotics, aircraft dynamics, and
spacecraft dynamics. In particular, beams attached to moving
bases have received attention in hundreds of technical papers
dealing variously with elastic linkages, rotating machinery,
robotic manipulator arms, aircraft propellors, helicopter rotor
blades, and flexible satellites. Indeed, the existing literature is
so voluminous as to preclude comprehensive review within the
confines of a technical paper. (A 1974 review, by Modi,! of the
literature on rigid bodies with flexible appendages contained
more than two hundred references.) Accordingly, we shall
mention only representative publications that permit us to
direct attention to issues of primary concern.

In the area of machine design, the published analyses®~>
deal mainly with planar bending of rotating links or with pure
torsion of shafted systems. For the most part, the goal of these
analyses is to determine forces or stresses of interest in con-
nection with machine component sizing. In robotics,’~% dis-
placements, such as those giving rise to bending of a manipu-
lator arm, are at the center of attention, and various beam
effects are frequently neglected in an attempt to increase
on-line computational speed. Analyses performed in connec-
tion with aircraft dynamics'®-'* address questions concerning
tapered, twisted, and rotating beams; and in the field of
spacecraft dynamics,!>~2! the effect of vehicle elasticity on
attitude motions is of particular interest.

What is missing from this vast literature is a comprehensive
theory for dealing with small vibrations of a general beam
attached to a base that is undergoing an arbitrary, prescribed
motion (translation and rotation). By a general beam we mean
one that has an arbitrary cross section and material properties
that vary from point to point along the beam; and a compre-

Received Aug. 30, 1985; revision received April 8, 1986. Copyright
© American Institute of Aeronautics and Astronautics, Inc., 1987. All
rights reserved.

* Professor of Applied Mechanics.

tResearch Assistant. Member ATAA.

$Staff Engineer.

hensive theory is one that accommodates all of the following:
extension, bending in two principal planes, torsion (uniform
or nonuniform), shear displacements, and warping,.

In the existing literature, one often finds that a particular
effect is introduced in an ad hoc fashion. For example, there
are many analyses that make special provisions for centrifugal
stiffening, Coriolis forces, etc. Most of these analyses are
based on one of two methodologies. The first®> involves
starting with equations applicable to a beam with an inertially
fixed support, and then adding terms intended to reflect an
effect of interest, such as the Coriolis acceleration associated
with a rotational motion of the base that supports the beam.
In the second approach,??* which is based on a Rayleigh-Ritz
technique, one works with trial functions or assumed modes,
as these functions are often called, some of which are directly
associated with the gyroscopic effects or centrifugal effects
present in a beam performing a simple spinning motion at a
constant spin rate. These two approaches share a basic short-
coming: they do not account, in a general way, for arbitrary
base motion.

While most previous analyses deal either with spihning
beams or beams attached to a base undergoing rectilinear
translation, some attempts to construct more comprehensive
theories have been undertaken. For example, Benedetti,
formulating equations of motion for a uniform Euler-Bernoulli
beam with a symmetric cross section, let the base supporting
the beam move with arbitrary angular and translational accel-
erations; however, terms associated with stiffening due to
rotation were neglected because the analysis was intended for
the study of the behavior of flexible projectiles, in which
connection it is appropriate to drop these terms since the
dominant angular velocity component is parallel to the axis of
the projectile. The fact that this work is restricted to beams
with symmetric cross sections precludes its use for the purpose
of analyzing motions of open section beams, such as STEM
(self-storing tubular extensible module) booms, which are
commonly used on satellites. Laskin et al.?* also attempted to
develop a general theory for a free-free, symmetric cross
section Rayleigh beam, but stopped short of the mark and
developed final equations only for the Bernoulli-Euler beam
with a quasi-steady-state stretch.

Modi ended his literature review with the suggestion that in
future work “more attention should be directed towards
evolution of general analyses rather than exploration of specific
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configurations.” It is the principal objective of this paper to
present such an analysis. In addition, we wish to draw atten-
tion to the fact that rather subtle errors can lead to theories
with serious defects. Specifically, there exist multibody com-
puter programs, such as DISCOS,? NBOD2,”ALLFLEX,??
and TREETOPS,* for which a claim is made in the associ-
ated documentation that these programs can produce accurate
simulation results of “large” motions of systems containing
flexible bodies that are themselves concurrently undergoing
“small” deformations. In fact, unless ad hoc corrective mea-
sures are taken, these programs can produce totally incorrect
results in certain situations.

The remainder of this paper is organized as follows. The
system to be studied is described in the next section. In Sec.
III, the new theory is set forth. An associated algorithm that
can be implemented on a digital computer is described in Sec.
IV. An illustrative example involving a robot manipulator arm
with general base motion is presented in Sec. V, and the
present approach is compared with the “conventional” one in
Sec. VI. Finally, in Sec. VII, conclusions are drawn, and plans
to incorporate the new theory into a multibody computer
program are discussed.

II. System Description

The system to be analyzed, shown in Fig. 1, consists of a
cantilever beam B built into a rigid body 4 whose motion in a
Newtonian reference frame N is prescribed as a function of
time. The beam is characterized by a natural length L, material
properties E_(x), G(x), p(x), and cross-sectional properties
Ao(x), IZ(X)s 13()6), aZ(x)7 a3(x)’ K(X), r(x)a el(x)a and
e3(x), defined as follows. Let x be the distance from a point
0, located at the root of B, to the plane of a generic cross
section of B, when B is undeformed. Then E,(x), G(x), and
p(x) are the modulus of elasticity, the shear modulus, and the
mass per unit length of the beam, respectively, as functions of
x. The area of the cross section located at a distance x from
point O is denoted as A4,(x), and the Saint Venant torsion
factor and the warping factor are represented by the symbols
k(x) and T'(x), respectively. In order to define the symbols
L(x), Li(x), ay(x), a;(x), e;(x), and e;(x), introduce a
dextral set of mutually perpendicular unit vectors b, b,, b,
fixed in the plane of the cross section located at a distance x
from point O, and oriented such that b, is parallel to the
centroidal axis of B, while b, and b; are parallel to central
principal axes of the cross section. Additionally, introduce a
similar set of unit vectors a;, 4, a4, fixed in A and parallel,
respectively, to b, b,, by when B is undeformed. The symbols
I,(x) and I;(x) denote the central principal second moments
of area of the generic cross section for unit vectors b, and b,
respectively, and a,(x) and a;(x) are the shear area ratios
(also called shear correction factors, see Ref. 31, p. 351) of the

generic cross section

Fig. 1 Beam attached to moving rigid base.
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section for the b, and b, directions. The parameters e,(x)
and e;(x) are measure numbers of the b, and b; components
of the eccentricity vector, which extends from the elastic
center of the generic cross section to the centroid. The elastic
center, the flexural center, and the center of twist all are
assumed to coincide in the present analysis.>?

III. Equations of Motion

The goal of the following analysis is to produce equations
governing the extension, transverse bending, shear, and tor-
sion of the beam introduced in the previous section. The
reader who is interested primarily in the resulting computa-
tional algorithm rather than details of the equation formula-
tion should proceed directly to the following section. In the
sequel, an underlined symbol denotes a vector, a doubly
underlined symbol signifies a dyadic, and a symbol in bold-
face type represents a matrix, Numbers listed over equal signs
refer to previous equations, and a triangle over an equal sign
indicates a definition.

The motion of 4 in N is characterized by the six quantities
U1, Uy, U3, w1, w,, and w; defined as

i g (i=1’2’3) (1)
w,EVet-a,  (i=1,2,3) 2)

- where Mv© is the inertial velocity of the point O (see Fig. 2) on

the elastic axis§ of B at the root and Yw? is the angular
velocity of 4 in N. Equations (1) and (2) imply that

MO =via) + 0,8, + 0305 (3)
and
N‘_'-’A =w g, T w8, + w3d; (4)

To describe the motion of B in N, introduce a rigid
differential element dB of B, with centroid C and elastic
center E located at a distance x from point O when B is
undeformed. The differential element d B can be brought into
a gencral orientation in A4 by aligning by, b,, by with
4y, 4,, a3, Tespectively, and subjecting d B to successive dex-
tral rotations in 4 of amounts 8, 6,, and 6, about lines
parallel to a, a,, and a;, respectively. Similarly, point E of
d B can be brought into a general position in 4 by subjecting
E to successive translations u,a,, u,a,, and u;g,. If the
vectors r and u are defined as

li>

Xdy (5)

r

lI>

U= ua) +uya, +usds (6)

then the position vector p®* from O to E can be expressed as

The position vector l)EC from the elastic center E to the
centroid C is the eccentricity vector; that is,

PEC=€=€2172+ e3b; (8)

Therefore, the position vector J)OC from O to C is given by

PO¢ =pOF 4 pEC (9)

§The elastic axis is the line along which transverse loads must be
applied in order to produce bending unaccompanied by torsion of the
beam at any section.3? This axis passes through the elastic center E of
every section.
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Fig. 2 Deformed beam with differential element.

oc (5— 8)

4 (x+uw)a, +u,a, +usas +e,by +esby (10)

The orientation of dB in A can be described by reference
to a direction cosine matrix *C%® such that the element C;;
the ith row and jth column is defined as

(i, j=1,2,3) (11)

referred to as a space-three, 1-2-3 rotation

Cij =g _b_[
The matrix 4C423,
matrix, is given by

CyC3  §183C3 — 830, €18503 + 538
ACIB = | €383 515283+ €361 €158~ 633 (12)
EP) $16 616

with ¢; and s; defined as

£s5inf,, ¢ =cosf, (i=1,2,3) (13)

The velocity of C in N is found by using the relationship

NvC N 0+NwA XPOC +A C (14)

where y°, the velocity of C Jn A, can be formed by differenti-
ating the position vector p w1th respect to time 1n reference
frame A. Substituting the resulting expression for “y¢, along

with the expressions for M, Mw!, and p©¢ from Egs.

(3), (4), and (10), respecnvely, 1nto Eq. (14) yields
M€= o) + wy[us + eys0, + e3clc2]

— o3[ uy+ ey (515583 + c501) + e3(e15283 — ¢35)] +iy

+e; [( 18265 + 535,) 01 + 5105030, — (815,55 + €361) 4]
+es[(—s155¢5 + 836)) 0, + 160050, |

+(—asys; + 0331)93] } a4y

+{ vy + w3 [ x+uy + ey (815505 — 53¢)

+es(C18505 +535))] — w0y [us + x50, + e5¢0,] + ity

+e, [( €18283 — €381) 0y + 5163550, + (515563 — 53¢,) b5 ]

+e, [ —~ (518583 + €361 ) 0, + 16,540, + (€15,¢5 +s3s1)03]} a,
+{ o3+ w[uy+ey(s15,83 +-C'3C1) +e3(ersy83 = ¢381)]
—s361) + e3(e15565 + 5351)]

—w, [ x + uy + ey( 515505

+iy+ e, [ clczél - s1s292] —e3 [slczél + c1s292] } as

(15)
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The previous definition of 0,, 0,, and 6; leads to the
following expression for the angular velocity of dB in A4:

A48 = (0, — b35,) by + (brc, + 0:5102) by
+(—b,5, +byc10,) by (16)

The angular velocity of dB in N, found by using the angular
velocity addition theorem,** is thus given by

NgdB Ngpd 1438

*.12,16)
[w1c2c3 + @yCy 83 — w38, + ) — 03s2] b

+ [wl(s1s2c3 = $3¢1) + w0y (515,83 + ¢3¢1)

+ w3865 + 0'2c1 + 673s1c2] b,

+ [ w; (€186 +5381) + w0, (€15,85 — €38,)

+ wyc ¢y — ézsl + 93c1c2] by 1n
The quantities i, i,, i, 0;,-6,, and §, appearing in Egs.

(15) and (17) ultimately must be expressed in terms of system
generalized coordinates. With this in mind, we introduce { as

$2p% - a (18)

and let s(x, t) denote the stretch in the beam along the elastic
axis; then the distance (see Fig. 2) along the deformed elastic
axis from O to point E, which point is at a distance x from O
when B is undeformed, is

x+s(x,t) =f:{1 + [ 8“2§§’Z) ]2 + [ 8“3‘53’0 ]2}%@
(19)

Now it is convenient to define J(o, ) as

J(o, )21+ [auz‘gg, ) r + [ 8"352’ ) ]2 (20)

whereupon differentiation of Eq. (19) with respect to time
leads to

00 =4 [ 100,015 g0 0T @)

and solution of Eq. (21) for { produces

=3 [TI(o, 1)) 2[81(0, 1) /8t) do +5(x, 1)
§= : 1 (22)
RTDIE

From Eqgs. (5-7) and (18), it is apparent that
{=x+u (23)

Hence,

@3 . _%_/:[J(U’t)]_%[aj(o,t)/at]d0+.§(x,t)
L P

n LI 01
(24)
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If the quantities s(x, 1), u,(x, t), u5(x, t), 0;(x, 1), 0,(x, 1),
and 0,(x, t) are expressedf as

s(xa1) = _élqsn(x)q,.(r) (25)

u,-(x,r)=}::1¢,,~(x)q,~(t) (j=23) (26)

920 = L gen(Da0) (=123 @)

where ¢,; (i= ,6; j=1,. 1/) are as yet totally unre-
stricted spatla.l functlons q; (z ..., v) are generalized co-
ordinates, and » is an arb1trary integer, then the term
dJ(a,t)/dt which appears in Eq. (24) can be written as
3aJ(o,t) @026 2 2
CUCRIRGE 2y ¥ [¢2x (o) 5;(0)
at b
+5:(0) %, (0)] 4:(1) (1) (28)
where a prime denotes differentiation with respect to the

dummy variable ¢. Substituting this expression along with the
one for s(x, t) from Eq. (25) into Eq. (24) yields

=GO S { a0 - £ [f1rto,017H

x [0, (0) + #5,(2) ()] da (1)} (1)
(29)
Expressions for the remaining time derivatives appearing in

Egs. (15) and (17) follow directly from Eqgs. (26-27). Specifi-
cally, '

Ca(x, )= él(Pji(x)qi(t)

@(x,t>=§¢,+3.,-(x>q.-(r> (j=1,23) (31)

and substitution of the expressions for #,, i,, i, 0;, 8,, and
é, from Egs. (29-31) into Eq. (15) results in

Ny€ = ( v + w0, [ Uy + ey5.0, + e5e6,]

—ws[uy + ey (518,84 ¢360) + e3( 15,55 — ¢35,)]

i=

#1601 E {40 - £ [Tote.01
x [62.(5)8,(0) +84,(0)85,(0)] do g, 4

+ey 3, {[ersaes + 8351 ] dai(x) + [510,03] 05, (x)
i=1

—[s18285 + e3¢0} 0, (%) } 4

fThe assumed mode method is employed here with a concomitant
assumption that the displacement functions can be separated into
products of spatial and temporal functions.

(=23 (30)
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+ey ), {[=s15565 + 536194 (x) + [ cre05] 95,(x)
i=1

=5y + e8] 96 (%) } 4§ )‘_11 + ( vyt wy[x+u
+ey (5156 —53¢) + 93(013203 + S3S1)] )

v
—w [ uy +ey510, + e300 ] + X 0,(x) 4,
‘ i=1

te, Z {[e1s283 — e3s ] ¢0i(x) + [316253]'1’5:()‘)

i=1

+[ 518565 — 536166, (x) } 4,

+( € i { 515285 + e3¢0 (%) + [ c16583] 95, ()

i=1
+lersacs + s3] 96 (%) } 4 ) a,
+( vy + wi[uy + e (515,83 + €361) + €3 (15283 — €35) ]
—wy[x+u + ez(sis2c3 —5361) +es( 18265 + 8351)]
+ L ou(ma+e X (laelo)
i- im
~[s152]95:(x) } ¢

—esgl{[slc21¢4i(x)+[c1s21¢5,-(x)}q,» o (32)

while substituting the expressions for §,, 6,, and 6, from Eq.
(31) into Eq. (17) yields

NydB = {w1c2c3 + W)€y 83 — w38y

+ Z [¢4i(x) —s2¢6i(x)]qi}.l_)1
i=1
+ { @y (518,63 = 53¢1) + @y (815583 + €3¢1) + w31C,

+ i [ds:(x)c; + ‘Psi(x)slcz]C?i}bz

i=1

+ { wl(clszca + 3331) + “’2(015'233 - Cssl) + w3010

+ A{: [ —&si(x) s +¢5:(x) rc2] l?i}l’3

i=1
(33)

Terms referred to as partial velocities (Ref. 34, p. 45) of C
in N, and partial angular velocities of dB in N will be
denoted by the symbols *p¢ and *w?? (i=1,..., ), respec-
tively, and will play a major role in ) the subsequent formu]a-
tion of equations of motion. The part1a1 ve10c1ty is
defined as the coefficient of ¢, (i= ,v) in the velocny
expressmn shown in Eq. (32), and the partlal angular veloc1ty
Ng_)j" B is similarly defined as the coefficient of g, (i = ,7)
in the angular velocity expression given in Eq. (33). Conse—
quently, these partial velocities and partial angular velocities
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can be written .
e 1 e - T [foGenr
j=1

X[#5(0)84,(0) + 85, () 5 (0)] dag, )
+92{[_"132C3 + 535 ] by (x) + [316203]¢$i(x)
L5125 + 3] 8 (x) ) + e5{[ =s15265 + 53611 94,(%)
+ [ 610203]¢5i(x) +[ -85 + 0331]‘1’51'(")}] a
+[62:(x) + ez{_[ e18283 = ¢351] 60 ()]
+ 5162831951 (%) + [515,63 — 53611, (x) )
+ e ~[ 51528 + 6501 bui (%)
L0253 ] 05 (%) + [ €425 + 555, 196:(%)} 2
+(93:(%) + e2{[ 162196, (x) — [515]85,(x)}
—es{[ 516104 (x) + [ 15,1 95:(%) }) 2

(i=1,...,5) (34)

and

(33)
NdB = [¢ai(x) - Sz¢6i(x)]_b1

+[¢5i(x)01 +¢6i(x)s102].l?2
‘ [_¢5;(x)s1+¢6z(x)c1cz]b3 (i 5 7) (35)

Since the goal of this analysis is to produce equations
govermng motions of B in N during which s(x 1), uy(x,1),
uz(x, 1), 0,(x,1), 6,(x,1), and 0(x,t) remain small, it is
appropriate at this point in the analysis to linearize all kine-
matic quantities in the variables ¢q,,..:, ,, g;,---,4,. When
linearizations are performed subsequent to the formation of
expressions for partial velocities and partial angular velocities,
as is being done here, the resulting dynamical equations are
identical to those that would be obtained if linearizations were

performed after completely nonlinear equations have been
formulated (Ref. 33, p. 277). The great advantage of lineariz-
ing at the present stage of the analysis is that this relieves one
of the considerable burden of developing complicated nonlin-
ear expressions for translational and angular qcceleranons It
is. tempting to linearize - still earlier, that is, prior to the
formation of expressions for partial velocities and partial
angular velocities; but such linearization would be premature
and would lead to dynamical equations lacking certain -“dy-
namic stiffness” terms. In the following analysis, we indicate
that a quantity has been linearized in the generalized coordi-
nates and their time denvat1ves by placmg a t11de over the
associated symbol. _ _

When linearizing velocity and partial ve10c1ty expressxons, it
is beneficial to note that

5 20148 F ()80 + 840850 0

i=1,j=1
(36)
from which it follows that
J(x,0)=1, J(¢, =1 (37

The trigonometric quantities s; and ¢; (i = 1,2,3) defined in
Eq. (13) can be linearized by expanding in Maclaurin’s series
and droppmg terms of degree 2 and higher in the variables
Qis--s Gy
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An express1on for i is formed as follows. From Eqgs. (19)
and (20), write

x+s(x,z)=j‘[J(q,t)]%do (38)
0 =
Linearize both sides of Eq. (38), which yields

67 .3 ‘

x+§(x, ) =¢ —)x i, (39)

so that

39 25)

iy o= §(x,1) = 24»1, x)q,(t) (40)
Define two new symbols, B; J and Yij» as
At L
Bijéfo‘i’,zi(“)d’;.j(“) da
s[5, , ..
=V/(;¢3i(6)¢3j(a) da (1,]=1,_,,,1}) (41)

and express the linearized parual vélocity of Cin N as

= b1 x) - Z (Bij+Yij)qj

Jj=1

=i

i (34:36-41) (
{Z ¢4t x)+¢5j(x)+¢51(x)¢4j x)] q_} ¢6z x)}

cof I Tu(0n (0 + a0 (]

+¢5i(x)} o+ 00 - e £ (8208 (3)

Jj=1

Fau(y () g+ ¢ {z: [05:(5) 5 ()

Jj=1

40 (2) by ()] qj—qsu(x)} Je

+( 831(x) + st () — e X { s ()4, ()

j=1

+¢5i(x>¢5,(x>}q,.)ga (i=1....,s) ()

The linearized partial angular velocity of dB in N is

4’41 x)

._l

w5l 554D [

E &s;(x) b (x) ‘Ij]

Jj=1

[

+| dsi(x) + zl¢4j(x)¢6i(x)qj b,
L j=1 B
+ ¢61 X) E¢4j(x)¢51('x)qj _b35
Jj=1

Gi=1,..%) (‘»‘3);
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while the linearized velocity of C in N and linearized angular
velocity of dB in N can be expressed as

N~C( 2)( Uyt wye3 —wzes t Ey: {@a[dsi(x) + 92¢4k(x)]
k=1
“%[%k(") - 93¢4k(x)]} qx
+ i { 016 (x) — extpsr (x) + e5s, (%)} 4 )Ql
k=1
+( vy + w3x we; + kZI {wa[‘i’lk(x) — ey (x)
+essi (x)] ) — @[ b x) + 32¢4k(x)]} 9

+ i { 02 (x) — e304( %)} & )’.12
k=1

+( v+ we, — w0y x+ Y {w1[¢2k(x)_93¢4k(x)]
k=1

—wy[ b1 (%) — exdgi (x) + e3¢’5k(x)]} ax
" él{%k(x) Fesbu(2)) 4 ) (44)

and

(33)

Ng?B = {‘*’1 + X;[wz%k(X) — w35, (x)] g

s buc(3) s

=1

+

k=1

+

{w2+ . st () —otu(D]a+ ¥ ()b
{

wy + E [ w105 (%) = wybyr (%)) g1 + kZ e () ‘?k}ba
-1

- (45

To produce linearized equations of motion, the expressions
for Ng¢, Y528, Vi, and M&?® from Eqs. (42-45) will be used in
con_]unctlon w1th the relatlonsh.tp (Ref. 34, p. 158)

F*+FE=0, (i=1,...,v) (46)

where E* and F, are the ith linearizéd gemeralized inertia
force and ith linearized generalized active force for the sys-
tem, respectively. The linearized generalized inertia force F*

can be written
~ Lo -
Fx= _f oNGE - N~Cdx_/ NQ?B,(NgdB,_I
o 2

+NG8 % [ Ngi?) dx (i=1,...,») (47)
where pdx is the mass of dB,Idx represents the central
ilertia dyadic of dB, M€ denotes the linearized acceleration
of C in N, Ma?8 is the linearized angular acceleration of dB
in N, and all other symbols have been defined previously. The
central inertia dyadic can be represented as

Idx 2 p(I1byby + Inpbo by + Ly byby) dx (48)
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where I, I,,, I3, expressed in terms of the central principal
second moments of area I, and I, are given by

L+
IZZ:A—’ I33=A_’ L= 2A03

=Iy+1L; (49

Since only internal forces contribute to the generalized
active force F,, an expression for F, can be derived from the
strain energy functlon U by taking advantage of the fact that

F=-2 (i=1,...,») (50)

L (Py) Lay (V) Lo (V)
U“fo 2E, 4, dx*fo 3GA, d”fo 264, 9
L), L () ()
+_/; 2CE dx+j(; IE T, dx+/(; 3ET, dx (51)

and the symbols Py, V,, V3, T}, M,, and M; are defined as
follows. Replace the set S of all forces acting on the particular
cross section of B which is located at a distance x from O
when B is undeformed with a couple of torque T together
with a force R whose line of action passes through the elastic
center E of the cross section. Then R can be resolved into an
axial component, P a,, and a shear component, ¥, a; + V;a;.
Similarly, the torque T can be resolved into an axial torque,
T,a,, and a bending moment, M,a, + M;a;. All other sym-
bols in Eq. (51), with the exception of £ have been defined
previously. The symbol & denotes an effective torsional con-
stant®>>3¢ which would permit the samie relative: twist between
beam ends for a given torque if one used the first-order
relationship

dé ,
T=Gkg, (52)
as would result from the use of the exact third-order equation
for torsion,>’® namely,
de, d36?1

where « is the Saint Venant torsional factor for pure torsion
ard T is the warping factor introduced earlier. The effective
torsional constant & depends on the degree of fixity and
warping at each end of the beam and can be calculated with
the aid of Egs. (52) and (53) in conjunction with tables in Ref.
32 (pp. 301-312), or by utilizing pubhcly available computer
programs (SDRC FRAME;*® SPOTS3%).

When effects of shear are included in the analysis, 8, and 03
are related to u; and u,; respectively, as follows:

M__[a (x, 1) +9,(%, 1)] (54)
and
D51) 19, (x,1) + 45, 0)] (55)

where the symbols , and {; denote angles of shear of a
cross section, measured at the elastic axis and associated with
d, and g,, respectively. With these relationships, the shearing
force measure numbers V, and V, appearing in Eq. (51) can
be expressed as*!

V,=

AG AG| du,(x,1)
% 3=—a;.[_23x—_—93(x,t) (56)
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46, A6 duz(x,t
o, [% +0,(x,0)| (57)

The other force anid moment measure numbers present in Eq.
(51) are given by

‘ i 30,(x,t
=E0A,,ﬁ(a’;;t), T1=G:€—l(3x’—) (59)
ao'x,t 30,(x, ¢
MZ=EGIZ__ng—)_! M;=E,I, 3¢(9x ) (59)

and substitution of these expressions for P, ¥;, V3, Ty, M,,
and M, into Eq. (51) yields

ot M

LGA, [ du,(x,1) N
+j(; —a—z—[T—ﬂ3(x,t)] dx

(L GA, | ~8u3(x,t) , 2
+L T?,—[—T +02(x,t) dx

f [aol(x t)] dx
0

[___302‘(9;c, ) ]2 dx

+f0LE‘,1r3 [____“03‘(9);:, ) ]z‘dx} (60)

If the expressions for s, u,, u;, 0;; 6,, and 6; from Eqgs.
(25-27) are now substituted into Eq. (60), and the resulting
expression for U, in which the generalized coordinates
41,--.,q, appear explicitly, is differentiated in the manner
shown in Eq. (50), one finds

d L .
- Z {j(; EoAa‘Vli(x)‘Vlj(x) dx
j=1

[ [0, () 85(3) + 85, (2) ()
+és,(x) ¢3,(x) +¢'3i(x)¢'3j(x)] dx

L GA
+

(%) g (x) — s x) ¢5,,(x)
+¢6j('x)¢12i(x) + ¢I2i(x)¢'2j(x)] dx
+f “GRey,(x) d;(x) dx

+ [CB, L5, () 9% ( %) dx
0

+']0LEOI3¢gi(x)¢gj(x)dx}qj (i=1,...,5) (61)

The term in braces in the above equation will be denoted by
H;;. Thus

~ (61) i ,
E-= Y Hyq; (i=1,..59)  (62)
j=1

At this point in the derivation, equations of motion could
be written in literal form by dlfferennatmg M€ and Y@?E in N
to obtain 3¢ and V&<, substituting the resultmg expressions,
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together with the ones for ¥3¢, &8, Ng?® and I, from Egs.
(42), (43), (45), and (48) into Eq (47), and equatmg to zero the
sum [see Eq. (46)] of the resultmg generahzed inertia force and
the generalized active force given in Eq. (62). These operations
lead to a set of linear dynamical equations that can be
represented in matrix form as

M+ Gj+Kq=F (63)

where M, G and K are a mass miatrix, skew-symmetric
gyroscopic matrix, and stiffness miatrix, respectively, all of
dimension » X v; §, §, and'q are » X 1 colurn matrices havmg
elements. §;, g;, and % respecuvely, in the ith row; and F is
a v X1 column matrix. (If viscous “modal damping” is de-
sired, it can be accounted for in the usual manner by adding a
term C§ ‘to the above equation, with C representing a sym-
metric matrix of suitable damping coefficients.) The four
matrices M, G, K, and F are given explicitly in the next
section.

IV. Simulation Algorithm

What follows is a description of a step-by-step procedure
for simulating motions of the beam system described earlier,
and thus determining values of s(x, 1), u5(x; 1), u3(x, t), and
0,(x,t) for >0, once all system parameters, base motion
temporal functions, and the initial beam displacement and
velocity spatial functions have been specified.

‘1) Specify beam- length L, material properties Ey(x),
G(x),p(x) and cross-sectional properties Ay(x), IL(x),
L (x), 0;(x), a3(x), (), ey(x), and e;(x).

2) Specify base motion temporal functions wl(t), w,(1),
w3(1); v1(1), vy (1), and w3 (2).

3) Specify initial displacement function g(x) and initial
velocity function h(x) defined as

[ 5(x,0) | [ 5(x,0) |
uy(x,0) it,(x,0)

| us(x,0) , | (%0 (64)
O Rl DR I ICO Ll P PO
6,(x,0) 6,(x,0)
_OB(X’O)_ _03()6,0)_

4) Specify the number v of assumed modal functions to be
employed in the simulation. »

5) Solve the eigenproblem associated with the cantilever
beam with the root fixed in a Newtomah reference frame.
Determine eigenfunctions 4>, (x) (1= ;6 j=1,...,7)
and eigenvalues A; (j=1,...,7). (Note For uniform beams
of constant symmetncal cross section, one may wish to neglect
shear effects and solve the associated eigenproblem analyti-
cally to obtain the necessary eigenfunctions and eigenvalues.
For more complex beams, one should resort to a numerical
technique, such as the finite element méthod, which yields
discrete eigenvectors. These eigenvectors can be used in their
discrete form in the subsequent calculations, or they can be
converted into continuous functions through ‘the use of shape
functions.)

6) Calculate modal initial values as

"'“’)‘Zlkzlf 0:(x) Epgdx,  (i=1,...,») (69)
and

6 6
g (0) = 2 Z/ x)Ejkhkdx (i=1,...,v) (66)

=1 k=1
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where E‘jk is the element in the jth row and kth column of
the inertia matrix E defined as

[1 o0 o 0 0 Q|
0 1 0 —e, 0 0
0 1 e, 0 0
T A
ESplo —e e I +e2+e2 0 0
0 0 0 0 122+e§ —e,e;
| 0 0 0 0 —eye; I+ e%_

(67)

and g, and h, are the clements in the kth row of the
respective column matrices g and A introduced in step 3. .
7) Evaluate modal integrals:

Wi 2 [“pdu(x) dx
(i=1,...,»; k=1,...,6) (68)

Wiy 2 [ 000 (x) 9 (x) dx
(i,j=1,...,

Xk,é](;prqSki(x)dx (i=1,...

v; k,1=1,...,6) (69)

,v; k=1,...,6) (70)
L

Xk/ijéfo Px¢ki(x)¢/j(x)dx

(i,j=1,...

¥ L .
Ykiéf phpd(x)dx  (i=1,
0

vk, I=1,...,6) (71)
v k=4,5,6) (12)
L o
Yklijé/(; pLno,(x)¢;(x)dx
(i, j=1,...,v; k,1=4,5,6) (73)

Zk,éLLpI33¢ki(x)dx (i=1,...,v; k=4,5,6) (74)

; L
Zk/ijéj(; 9133¢ki(x)¢1j(x)dx
(i,j=1,...,v; k,1=4,5,6) (75)

. “ijé./()LP(ij+7ij)dx (,j=L....») (76)

n’,jé/opr(B,j+yij)dx (i,j=1,...,v) (77

1,2 [H A8, () + [ 40(5) 03, ()

s, () 84, (x) + 85, (x) 95, (x) + 85 (x) 84,(0)]

+ 222 g (5) 1 (5) — 9 () 85, () — 84,) iy ()
0, (x) 85, (x)] + Gheg(x) 9% (x)
+E012¢'5i(x)¢§j(x) + EoI3¢éi(x)¢éj(x) } dx

(i, j=1,...,v) (18)
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Table 1 Simpliﬁéations of general equations

To Neglect ’ . Set
Extension ) $;=0,i=1,...,»
Bending in a,-dir. 6y,=0,i=1,...,»
Bending in a,-dir. $5;=0,i=1,...,»
Torsion ¢ =0,i=1,...,»
Rotatory inertia I,=T;3=0
Shear . a=a3=0
Warping restraint r=0
Nonuniform torsion . K=K

2Setting ¢, =0(n= -36) implies setting Wy, /= Xgsi; = Yisy = Zk,,
=Wy=Xuy=Y= Z,“—O(korl—n,zj 1,. ,v),aswellassettmgal‘f
H;; associated prlmanly w1th direction n equa.l to zero. [See Egs. (68-75)
and (78).]

(Note: Prior to evaluation of these integrals by ‘numerical
quadrature techniques, analyucal mtegratlon by parts should
be performed on the integrals appearing in Egs. (76-77) in
order to bring them into a simpler form. Additionally, the
quantity H,; in Eq. (78) usually can be evaluated by using
modal orthogonahty properties in such a way that integration
becomes unnecessary. For instance, if the finite element
method is employed in the eigensolution, and the resulting
orthogonal eigenvectors are normalized with respect to the
finite element mass matrix, then.it can be shown that H;;
=\,8,;, where §;; is the Kronecker delta.)

8) Assemble system mass, gyroscopic, stiffness, and force
matrices: * *-

M= {[Wm, + Wi+ Wy

+ Y4+ Yosij + Zaaij + Zesi |
e[ (= Whgi; + Waay + Wasiy — Weyy))
+e3(Wasyy + Wisiy)]
+es [(Wasi; = Waaiy — Wazi + Way)
+e3(Waaiy + Wssi, )| — eaes[ Wasi + Wesy; | }
| (i,j=1,...,») (79

s,

+w2[VVl‘3ij — Wiy, + Zagi; — Zé4ij]

005 | Wariy = Whayy + Yoas = Yasys |

+e2[‘°v1(VV42ij = Waaij)

0 (Waay + Wagiy = Waryy — Weais)
+ w3 (Weai; — Wasij) + ?2‘*’2(th - Wesi))]
+ey [‘*’1(W43ij = Waayy) + ‘*’AWsay = Wasi;)
+ a3 (Waay + Wasi; = Wasi; = Waij) ,
+ 30 ( Waai; = Wasij)| = eaes [ @2 (Was,y — Waai))

+w3(m4ij_VV46ij)] } (i,j=1,...,7) (80)

**The purpose of underhmng certain terms is to facilitate the
discussion in Sec. V concerning discrepancies between the present
algorithm and various “multibody dynamics” algorithms.
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Kij= { ‘(‘*’% + “’%)Wlw‘" “’1‘*’2(W12ij+ Wzlij)

+“’1‘03(Wlsij + Wsuj) - (‘*’% + “’%)VVZZU’

+‘*’2‘*’3(Wzsij + W32ij) ~ (“’% + “’%)Waw

— (@} - ) Zasi;— Yasis)

+ 030, ( Zas;; + Zsaij — Yasij = Yogij)
+°~’1"-’3(Y46ij + Yeai;— Zagi; — Z64ij) - (‘*’% - w%)YSSij
+‘-°2‘*’3(Ysmj + Y65ij) - (‘*’% - w%)ZGSij
_‘2’1[%31'; " W32ij+ Y56ij + Y65ij]

+a, [M‘* Yagij + Yoaij + Zagij— Zem]
_d’a[leij‘ Wi+ Yasij— Yoaij + Zys + ZS4ij]
=0y + wy3 — w30y ) py; (‘*’% + w%)nij

+e; [“’1‘*’3(W14ij + W41ij) + (w% + wg)(Wwi,j + Wslij)
+ 0,05 (Wayi; + Waij) = w10, ( Wiy + W)
_(“’% + "’%)(W34u+ W43ij) - wle(I'V36ij+ Ws3ij)
‘(bz + W30y — W03 — e2w§ + e2w§)W44ij

+(0; + @03 — w0, + “’1“’2"2)(W45ij + Ws4ij)
—92‘*’1‘*’3(WAGU+ Ws4ij)

—(1')2 + Wy0; — Wl3 — ey + ezw%)W“,-j

+ a0, (W — Waiij) = 01(Wasij = Wanyj)
—‘:’3(VVZGU - Wezij) + 6’2(%61']'_ We3z‘j)

~ ey (Was,; + Wagi;) + ‘l’zez(W%u— Wsm)

+ (@3 — @@y )y — (03 + 010,) Xy

_(‘*’% + w%)(X45ij + X54ij) — (@5 + wy0;) X66ij]
+e3[_‘*’1‘*’2(W14ij+ Whij)

_(“’% + ‘*’%)(Wlsxj'{' Wsuj)

+(°’% + ‘*’%)(Wz«j + W42ij)

+“’1‘°2(VV25U+ u/;Zij) - ‘*’2‘*’3(Ws4ij+ W43ij)
‘!“*’1“’3(%5”‘*‘ Wssij)

— (03 + @0, — 0y0; — €33 + e;03) Waai
“63‘*’1“’2(W45ij+ Ws4ij)

—( Dy + W Uy — Wyb; — e3w3 + e3w§) Wi,

+( 0y + w30y —wyv; + ‘*’2‘*’393)(Wseij + Wss:'j)
+(0; + wyu; — w30, + ‘*’1‘*’333)(W46ij + We4ij)
+“."3(VVl4ij - W41ij) + ‘5’3(W25ij - Wszij)

-(‘bl(VV34ij - W43ij) - d’2(%5ij— Wssij)

CANTILEVER BEAM ATTACHED TO A MOVING BASE 147

— e300, (Wys;; — Waay;) + 663 ( Wiy + Wiay))

— &y e5( Wiy + Wesi;) — (@ + @13

+(doy = 001003 ) ( Xaas; + Xssi) — (3 * w3 ) ( Xasis + Xeais)
+( oy + ©010,) ( Xsoj + Xesi;)|

+eyes | —40,03Wya;; + 20,05 (Wisy; + Wagy))

+ 20000, (Wags; + Waai;) — @y Wss,

+( 03— 0f ) (Wagij + Wesij) — wa03Wigy

— &y (Wasi; = Wesi) = 02 (Wasi; = Waas;)

+ o3 (Waei; — Waai;) + @n(Wasiy + Wagy)

— a3 (Wag; + We4ij)] +i} (i,j=1,...,7) (81)

== {('31 + wy0; _w3v2)VVVli+(i)2+w3vl — @y03) Wy,

+ (s + 0,0, — 0,0 Wy, + ‘*’2‘*’3(241' - f’u)

+6)1(?4i + 24:‘) + (@ + @301 Yoy + (03 — wy0,) Z;

_(‘*’% + ‘*’g) Xy 4 (g + 0,0,) Xy — (0 — w0y03) X

+e2[—(6>3 — 010,) W, = (@ + o} ) W,
+ (@1 + w03) I’i/}i
+ (95 + @0, — 0,0, + w050, + 018;) W,
— (@, — wyw3) X,
— (01 + 0,03 — w30, + w06, — dye,) W,
+( w3+ 0}) X ]
e [ (@, + wy03) Wy — (&7 — wy05) Wy, — (w0 + w}) W5,
= (0, + w30; — w103 + w38y — ye3) ﬁ/lti
— (b3 + 0y0,) Xy,
+ (9 + wy0; — w30, + Wy w583 + Bye3) W,
—(w% + w%)XS,»]
+ezes [( 0} — ) Wiy — (@3 — w10,) W,
—(‘;"2+w1“’3)u/6i]}’ (i=1"“”’) (82)
9) Solve the following system of equations for g.
M+ Gi+Kq=F (83)

10) Calculate physical displacements s, u,, u;, and 8, by
using Egs. (25-27).

All the equations in the above algorithm are written in a
way that facilitates reduction of the general equations to deal
with restricted cases. For instance, if the beam to be analyzed
has a symmetric cross section, all terms in M, G, K, and F
that are preceded by the scalar eccentricities e, and e; may
be neglected. Additionally, if rotatory inertia is to be ne-
glected, all modal integrals involving 7,, and I;; will be zero,
and system matrix terms including these integrals then need

not be evaluated. Hence, by setting appropriate terms to zero
in the complete equations provided here and subsequently
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performing numerical simulations, one can recover the vast
majority of previously published simulation results for beams.
Table 1 shows how one proceeds to eliminate various beam
effects. Note that, for purposes of clarity, the above equations
and modal integrals are developed for a beam with constant
eccentricity values. When the eccentricities are variable, they
are simply included in the integrands of the modal integrals
appearing in Egs. (68-76).

V. Ilustrative Example

The generality of the algorithm presented in Sec. IV permits
one to obtain solutions to a wide range of problems that span
diverse disciplines. One representative problem involving a
beam subjected to general base motion is that of simulating
the behavior of a space-based robotic manipulator, such as the
one shown in Fig. 3, which consists of three links L,, L,, and
L,, connected by revolute joints.

The outboard link L, of the manipulator consists of a base
A and two distinct segments B, and B,. Segment B, is 23
meters long and has a symmetric box cross section, while B,
is a 5Y5-meter-long channel. Both segments are made of a
material for which E,=6.895x 101 N/m? G=2.6519
X10'® N/m?, and p/A, = 2766.67 kg/m3. The section prop-
erties for B; are 4,=3.84 X107 m?, I, =1.50 X 10’ m*,
L=150x10"" m*, a, =2.09, a;=2.09, k=22 X107 m*,
I'=0, e, =e;=0, while the corresponding properties for B,
are 4,=7.3x107° n?, I, =4.8746 X 10~° m*, I, =8.2181
xX107° m*, a,=3.174, a;=1.52, £k=24330 X101 m*,
T'=50156x10"1 m®, e, =0, and e, = 0.01875 m. To dem-
onstrate the use of the simulation algorithm, we examine the
behavior of L, during deployment of the manipulator from a
stowed configuration to a fully operational configuration, The
deployment process is presumed to last for 15 seconds (T =15),
during which time the values of the angles ¥;, ¥,, and ¥,
shown in Fig. 3, change from 180 to 90 deg, 180 to 45 deg,
and 180 to 90 deg, respectively. If the two inboard links L,
and L,, each of length 7, are treated as rigid, this maneuver
results in a prescribed motion of the base 4 of the outboard
link, a motion characterized by the following six temporal
functions:

n=t(1+8)5¥, v,=¢%, o=-2(1+5)5¥
(84)

w, =585 -5, =%+,

w, = ¥,5,5 + ¥,5, (85)

where

A

cos¥;,, §2sin¥, (i=1,2,3) (86)

¢
We take /=8 m, and let

__Z’_(t_l sinm) rad 0<t<T

L7
2T 2 T
w(={ " (&7)
—2—rad t>T '
W,_i—;,(t—z—];sinz—;t)rad O0<t<T
L) ={ (8%)
Zrad t>T
T T . 2ut
%<z>={r7‘("ﬁm7)”‘i V=T (s
0 rad t>T

Figure 4 shows, for the tip of B,, the transverse displace-
ments u, and u;, and the twist 8, during a time interval of 30

s, which corresponds to twice the deployment time. (The first
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10 modes of the eigensolution were used to obtain these
results.)

VL. Conventional Approach
The purpose of this section is to bring to light certain
deficiencies of various existing multibody dynamic simula-
tion computer programs, such as DISCOS,2 NBOD?2,%
ALLFLEX,* and TREETOPS,*® and to assess the signifi-
cance of these deficiencies in connection with practical prob-
lems. Toward these ends, we first examine a fundamental issue

Fig. 3 Space-based robotic manipulator.

10 T T T T T
“ oy
(deg)
_10 1 L I I 1
0 5 10 15 20 25 30

Time (sec)

Fig. 4 Manipulator deployment simulation results.

Fig. S5 Generic body of multibody system.
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that arises when one seeks to formulate equations to be used
for the simulation of large overall motions of systems contain-
ing deformable bodies that experience only “small” deforma-
tions. Next, we comment briefly on matters of concern solely
in connection with beams. Finally, we present and discuss
numerical results for both a repositioning maneuver and a
spin-up maneuver of a flexible beam attached to a rigid base.
The system consisting of a flexible beam attached to a rigid
base constitutes one of the simplest systems within the appli-
cation range of multibody programs and thus serves here as a
“model” problem with which to check multibody dynamics
formalisms.

While the derivations of the equations of motion underlying
the aforementioned multibody programs differ from each other
in many details, they all rely on a common approach to
characterize “small” deformations of individual flexible bod-
ies. This conventional approach, as we shall call it, involves
developing an expression for the velocity of a generic particle,
say C, of a deformable body B (Fig. 5) by writing

NQC=N!_)0 +NQA X(_r+1_4) +AQC (90)

where N is a Newtonian reference frame; O is the point at
which B is connected to another body of the system; 4 is a
reference frame in which a differential element of B contain-
ing O is fixed; M is the velocity of O in N, Yo? is the
angular velocity of 4 in N, r is the position vector from O to
C, that point of A with which C coincides when B is
undeformed; u is the displacement vector extending from C
to C; and “pC is the velocity of C in 4. Once a set of unit
vectors a,, a,, ay fixed in A has been introduced, the vectors
r and u are written

IF=2Xx18)+ x,8, + X343 (91)
U=ua; +ua, +usa; (92)

and u;, u,, and u; are expressed as [see Eq. (II-24) in Ref.
26, Eq. (43) in Ref. 27, Egs. (6) and (8) in Ref. 29, and Eq. (2)
in Ref. 30]

u; = Z ¢ij(xl’x23x3)qj(t) (i=172’3) (93)
=1

where » is the number of terms in the series expansion,
b, (X1, Xy, X3) (i=1,2,3; j=1,...,») are independent spa-
tial (modal) functions, and ¢,(¢) (j=1,...,») are generalized
coordinates. It follows immediately that

=3, & (%1, %5, %3) (1) (i=1,2,3) (%)
Jj=1

so that, for i =1, one has

W = zvz¢lj(x1’x2’x3)4j(t) (95)

j=1

Now, this relationship, which is intended to be valid for a
“general” structure, is in direct conflict with Eq. (29), devel-
oped specifically for a beam. The source of the conflict is the
absence from the conventional approach of a counterpart to
Eq. (19), which reflects an important physical fact, namely,
that every transverse displacement of a point on the neutral
axis of a beam (that is, a nonzero value of either u, or u;)
gives rise to an axial displacement (that is, a nonzero value of
#;). In other words, the conventional approach treats u;
exactly like u, and u;, which is precisely what is wrong with
it. The failure of the conventional approach to deal adequately
with the interdependence of displacements ultimately leads to
a theory in which the counterpart to Eq. (81) lacks the terms
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involving p,; and n;;. We shall discuss the practical signifi-
cance of this difference between the present theory and that
corresponding to the conventional approach presently. First,
however, we wish to point out additional differences between
the two theories.

In the formalisms underlying the aforementioned multibody
programs [see Eqs. (II-18a) and (II-21) in Ref. 26, Egs. (20)
and (21) in Ref. 27, Eq. (22) in Ref. 29, and Eq. (7) in Ref. 30],
as well as in the derivation underlying the present theory [see
Eq. (47)], the development of expressions for inertia forces for
a flexible body necessitates either an implied or an explicit
integration over the space occupied by the body. When this
space is three-dimensional, it is appropriate for the integrand
to involve solely quantities associated with translation of a
generic point of the body. But when the space is one-dimen-
sional or two-dimensional, as in connection with beams, plates,
shells, etc., provisions must be made not only for translation
of a generic point of a differential element, but also for
rotation of the differential element. It is precisely for this
reason that we introduce the angular velocity "w?® in Eq. (17).
The equation derivations in Refs. 26, 29, and 30 fail to
incorporate such a term. If this term is absent also from a
computer program based on one of these references, then
rotational inertia effects associated with deformable struc-
tural elements are neglected in this program. For beams, this
means that torsional effects are neglected entirely, which is a
serious matter when one is dealing with beams connected to
each other. Also, it precludes the accommodation of rotatory
inertia effects, but this is relatively unimportant since often
these effects are quite small.

Additional differences between the present theory and others
reflect refinements rather than conflicts. Specifically, provi-
sions are made in the present theory to deal with shear and
warping by employing the concepts of a shear area ratio and
an effective torsional factor calculated with the aid of a
warping factor; coupling of bending and torsion is made
possible through the introduction of an eccentricity vector
extending from the shear center to the centroid of a cross

0

ug present approach

(m) BN i a
0.5 S

.

.
‘8 —-conventional approach
\

Time (sec)

Fig. 6 Spin-up maneuver.
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section. These effects are not considered in the conventional
approach.

In summary, to see the difference in final equation form
between the present theory and that corresponding to the
conventional approach applied to a beam, one can refer to
Eqs. (79-82), where the doubly underlined terms represent the
conventional theory. The remaining terms in these equations
account for dynamic stiffness eﬂ‘ects (;L, ; and 7;;), torsion
(W441]’ XMU’ Y4411, Z44u’ and MN X4l’ Y41’ Z41)’ rotatory 11]-
ertia (¥5;; and Zg; ), coupling of bending and torsion (e,
and e, terms, as well as terms with indices 4,5 or 4,6), and
coupling of differential element rotations 8, and 8, [all terms
in Eqgs. (81) and (82) with indices k,/=5,6]. While many of
the existing multibody programs may, in fact, incorporate the
torsional terms mentioned above, none of these programs
accommodate the dynamic stiffness effects that are crucial for
certain simulations.

While the comparison of equations is enlightening, it fur-
nishes no indication regarding the quantitative significance of
the terms one loses when taking the conventional approach.
Therefore, we consider a numerical example which, it turns
out, permits one to reach some conclusions regarding this
matter.

Returning to the manipulator system introduced earlier, we
now examine the response of the tip of B, when ¥,, ¥, and
¥, (see Fig. 3) are given by

V(1) =Frad, 1>0 (96)
6 [12 (15 )2( 2t )]
—=1=5 +|5=)|cos== —1}]|rad
15172 "\ 27 15 ;
¥, (1) = 97
2(1) 0<t<15s 7)
(61— 45) rad, t>15s
¥,(t)=0rad >0 (98)

During the corresponding manipulator motion, which we call
a spin-up maneuver, link L; remains at rest, L, and 4
remain at rest relative to each other, and the angular speed of
A, namely, ¥,, increases from zero to 6 rad/s in a time
interval of 15 s, and remains constant thereafter. (The manner
in which L; and L, are shown to be attached to each other
precludes this sort of motion, but this is irrelevant for present
purposes.) Such a motion is of practical interest in connection
with the operation of helicopter rotor blades, aircraft propel-
lors, satellites with flexible appendages, etc. The behavior of
link L, during this maneuver was predicted using two Fortran
computer simulation programs. One program is based on the
present theory and includes the full equations given earlier as
Egs. (79-83). The second program is based on the conven-
tional approach discussed above; in other words, it includes
only those terms in Eqs. (79-82) which are doubly underlined.
For the particular spin-up maneuver mentioned, the conven-
tional approach leads to the dashed curves for u,, u,, and 6,
in Fig. 6, which indicate a cataclysmic instability of the
motion under consideration, whereas use of our theory pro-
duces the solid curves in the same figure, which show just the
opposite, namely, an entirely well-behaved response. On
physical grounds, the latter is precisely what is to be expected,
for we are dealing here with a simple case of “centrifugal
stiffening.” Thus one is forced to conclude that the conven-
tional approach can lead to totally misleading predictions of
the behavior of elastic bodies in certain situations.

VII. Conclusion

A comprehensive theory for dealing with small vibrations of

a general beam attached to a base that is undergoing an

- arbitrary, prescribed motion has been presented. Numerical
results show that predictions of this theory can differ markedly

J. GUIDANCE

from those obtained by using an algorithm based on the
conventional approach underlying various multibody dy-
namics programs. The present theory has been extended to
incorporate “free” base motion as well; this work will be
discussed in a forthcoming paper dealing with the attitude
behavior of an elastic satellite subjected to gravitational and
control forces. In an effort to develop a capability to simulate
multibody systems correctly with beam-like components, the
theory presented here is currently being incorporated into a
new multibody computer program. We believe that recent
advances in the use of simple continuum models in conjunc-
tion with modal parameter identification methods warrant
such an extensive and comprehensive development activity.
Certain features of the present derivation, such as the inclu-
sion of differential element rotation, facilitate the process of
connecting flexible bodies, and thus render this theory ideally
suited for inclusion in such programs.
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